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Historical: Edgeworth expansion in shape analysis

Csorg6 and Hegyi PLB 489,15 (2000) and earlier1993 versions
suggested use of Edgeworth expansion

R,(q) = eXp[_leR?jQ_qu‘]
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Historical: Shape analysis with g-moments

Wiedemann and Heinz PRC 56(1997) suggested g-moments
_JdqR,(q.K) qq,

q]= i, j=0ut, Side, Lon R,(q,K)=C,(q,K)-1
lq.q] [d°qR,(q,K) J g 2 2
ie defining “probability” €.g. the 2nd g-moment is
g, K)o 0K [q,q)=] d’qflq) q.q;
dubdl 3
Jd’qR,(q.K) (suppress K from now on)

Historical: Discrete multivariate Edgeworth expansion
with Poisson reference distribution

M
f(n) = €Xp ~ <K1(m)_vm)(_vm)
< (=1)° |
+ ) a7 2 Kk my ..,m)V, ...V, |poisson(n,v)
q=2 . 1 q q

Lipa, Eggers, Buschbeck, hep-ph/9604373, PRD 53,4711(1996)
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Multivariate gaussian reference distribution

1 1 1
,(q) 2 detn, P~ (g—A)(A7 ) (g=A))

pP= dimension(2=T,L)or(3=0,S,L) 1i,j-1,....,p

d1= Yout 4>~ siqe 43= Q1ong
A= ai First g-moments
A; =  covariance matrix (2nd order reference cumulants)
(A™).. = inverse of covariance matrix

Use Einstein summation convention throughout
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d = 2 gaussian reference distribution

Covariance matrix (2" order cumulants)

A= Arr Agg

ATL ALL
Ay = QT(IL;_ QT:_] | Q'L:_]
App= | q—Tq_T____ —L qT_] [ qTJ
ALLZ -qLQL_._ _qLH_qLI

Inverse cumulant matrix:

1

2
XO'T

—p

-1

X070

\

—p

XO 10

1

2
X0

Standard deviation
= sqrt(cumulant)

- 2
b= s
Pearson correlation o
coefficient
2
S X=1-p

2 2
2R 2R,
2R%, 2R3,

Inverse cumulants are
Identified with usual “radii”

Note minus sign!
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Gaussian reference distribution for d =3

Covariance matrix (2" order cumulants):

Inverse cumulant matrix:

-1, 1
(A )Ij_ detA

Special case Azimuthal Symmetry:

1

2
X0 o

0

(A7),

—p

XO,0;

2
ASSALL_ ASL

AOLAS[_AOSALL

0 —P
XO,0;

1

— 0

Os

0 1

Aj

AOLASE_AOSALL

2
AOOALL_AOL

AOSASE_AOLASS AOLAOS_ASLAOO

2R:,
0
2R?,

P=O%L/<UOO'L>

2 R%,

AOO AOS AOL
AOS ASS ASL
AOL ASL ALL

AOSASL_AOLASS

AOLAOS_ASLAOO
2
AOOASE_AOS

2

X=1-p

0 2R;,
0
2R?,

0
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Edgeworth 1. multivariate notation

eachindex 1, j,k... canrunover (1,2,3)=(0,S,L) or (T,L)

distribution:

expectation values:
moments:

cumulants:

e.g.

Reference Measured
(gaussian) (nongaussian)
f(q) f(q)
Ey| ] E[ ]

ijszo[QJQJQk]

Ajik

“y'sz[QJQJQk]

K jik

U112:E1QOCIOQSI=I d3q flq) g,9,q5s
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Multivariate moments and cumulants

three terms iri combinatorics
My = ijk+ KjKjk—I—KjKjk—HKkij —I—KjKJ-Kk
= ijk—l— KjKjk[s] —I—KjKij
Combinatorivcs notation
i = ijk]—|—KI-KJ-k_,[4]+K1-J-Kk_][3]+KjKJ-Kk][6]+KjKJ-KkK]

For the specialcase «,=0 «;=0

Hix — Kiik

6 I’ljjk]mn = ijk]mn_I_ijkK]mn[lO]

Hikr  — Kk
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Starting point: multivariate Gram-Charlier series

= m r referen
In terms of n, = Ki—A; easu ed\ I_’e erence
cumulant differences n; = ij—AjJ. Nk = Kjx— ;\ etc
and C;=n; = K;—A;

“cumulant difference moments” T, = n,+n;n; (k;=A )+ (k=2 (k,—A))

the generic Gram-Charlier series is

1 1 1
flq)=1,(q)|l+C, h+—CU Cykhyk-F cyk]hyk]+5' C i Dijam T - -
1 —0f,
ith hi = etc
" f, 0q;
P 0’ f,
I t, aqjaq—j
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Reduction to Edgeworth series with gaussian reference

f(q) =

f,(q) 1+§h+—§y

1 1 1
§yk-hyk‘|‘ §yk1—hyk1‘|‘ X C itam Dyt - -

1. Construct the reference
gaussian to have the same

2. Higher-order cumulants for gaussian are
identically zero, and so

radii as the measured ones: ijk = K
A=K, A=Ky Cim = Ky
c.=0 c.=0 Cikim = Kikim
i~ i _
/ C jjkimn K jjtimn ™+ K jjkc K 1mn 1 0]

3. Even g-parity C,(—q)=C,(q) implies that all odd cumulants vanish:

Kix=0, kK;um=0  andso

ijkIm Cix= 0, C jikim = 0, C jikimn = K jjkimn

Resulting Edgeworth expansion (only 4th and 6th order terms survive):

flq) = £)(q|1+- 1,

Ijkimn
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Occupation number formulation

1 1
fq) = 1,(@)| 1+ Kyt —

41 0!

f

81 terms

yklmn

h.
!

Ijkimn

729 terms

For gaussian f,| q] the hy | g are “hermite tensors”
Since hermite tensors are fully symmetric in their indices, we change to
“occupation number notation”:

Il;  occurrences of @,
occurrences of @,

Hn1n2n3 = hyk with n
C = ’
mmn; — k.. I3  occurrences of @,
e.g.
Hyo = hyp Cpo = [[%qg%]]
Hy, = -h1112 -h1121 Croo = [[(Iﬂ—S[[Qﬂ[[Qﬂ
Hy,, = h2233 h2323
12

_2[[611 q-z]”[qz q_3]]_[[Q-1 q3]”[qg]]
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Multivariate Edgeworth series: final form

f
f;& = 1457] CiooHupol31+4 CopgHaygl6] 3d
+6 Cyo0 Hyp0l31+ 12 Gy Hy14 (3] ] (OS5
! case
L CGOO H600[3]+6 CSlOH510[6]

720
+15C,,,H,,,[6]1+30C,,, H,,,[3]

+20 Cyq0 Hy3[3]1+60 Cyypy Hyyy [6] ]

Expansions are dominated by the combinatorics; so
mixed-g;-cumulants are much more important than univariate cumulants.

fla) 2d (T,L)
= 1+— C,o H, [21+4 C,, H,,[21+6 C,, H
f.(q) [ 20 114012] 314131 (2] 22 22\ case
+m[ C.,H;[2]+6C,, H.,[2]1+15C,, H,,[2]+20 C,, H,, ]
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Hermite tensors

Notation: define dimensionless variables (scaled by standard deviations)

q q q q q q
le 1: o ZZ= 2: S Z3= 3: L:qLRL\/E
01 Op O, OUg O3 Op
Pearson corr. coefficient
_ h = Z1—p 23 h. = Z2 _43=pP 4
1st order hermite tensors: {1y = 2 = 3~
X0 g, X O3
" . _ _ 4 2.1 ~1.\2
4" order hermite tensors: Hyy,, = h;—6hiA;{+3(A7 )],
(Azimuthally symmetric ~ Hy,, = hj}h,—3h, hyA];
| _ 2 1.2 2,-1 24 -1
Case.) szo — hlhz_hlAZZ_hZAll

Hy, = hfhth—Z —hl —hz AI?%_—hz —1137\111

For p = 0, these factorise into the usual hermite polynomials:

4 y, 3
j2 _z;-62z;+3 | Z=32z|| z, _ H,y(z,) H|(z,) H|(z)
400 — 4 310 3 o 211 2 1 1
04 04 2 0,0,03
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Hermite tensors 3: two-dimensional (T,L)

z=(z,,2;) Z.=; le everything is scaled by gaussian's widths

\‘ \ \“f{ﬁg;‘;@. - e
W

ok
A
S
L

,‘?ﬂ" N
e
St
‘_-.-;_: =
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Hermite tensors: 6 th order in (T,L)

Z=(ZT, ZL) Z=— le everything is scaled by gaussian's widths

00 i .
N Higher-order cumulants
'MW#?@FE probe the tails of the
e A N WY 8, T
5 ***ﬁ&t%ﬁ?éﬂ*ﬁ@ \\”‘ distribution
—20 *n'r.
i

Symmetry of indices
corresponds to
geometrical symmetry
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Components of Edgeworth in (T,L)

Hzr,z,)=1,(2r, Z;) ( 1+ F, ijf_flj) F; = combinatoric factor

NOTE: cumulants
== probing of tails

Asymmetries appear

evenforp=0

Zr

3 2 i 0 2l
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Full Edgeworth Iin (T,L): an arbitrary example

4th plus 6th order

4th order only

2d (T,L)
case

Cyy Hy, \

H, [2]+6

o[2]+4 C;,

1
1+ﬂ[ C,,H,

[ C.,H,[2]+6C,, H.,[21+15C,, H,,[2]+20 C,, H,, ]

1
720
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Edgeworth components in (O, S, L):
Example with one distribution, three contour values

f(Q)Zfo(Q)(1+1ZC121I_I121) C,,,=0.4

0.05 contour 0.02 contour 0.01 contour

(drawings not to scale)
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Evolution of Edgeworth terms with cumulant size

. 15 different

U cumulants
400 310 220 202 121 301

{202 =, 0.3} Pz =, 0.3)

fAz10 =, 0.6 {d220 =, 0.6} {Az02 =. 0.6}

e
LT

BRI
AR I
RN

{310 =, 0.9} 220 =, 0.9} {202 =, 0.9} iz =, 0.9} a1 =, 0.8

Eggers WPCF 2006



21

Full Edgeworth in (O,S,L): some examples

Combination of all the terms in the Edgeworth may result in
rather tame final shapes . . .
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Systematic characterisation of distribution shapes

ZERO higher-order cumulants imply PURE GAUSSIAN, and so
cumulants provide a suitable null-measure baseline.

NONZERO higher-order cumulants:

In TWO dimensions, there are 5 cumulants of 4 th order, 7 of 6th order
In THREE dimensions, there are 15 in 4 th order, 27 in 6th order.
These cumulants represent the coefficients in an n-dimensional space

Since cumulants scale like <N> (in case of statistical independence), they

should probably be compared in the form Cijk [ <N>

Cumulants are NUMBERS, not functions.
Shape comparisons are made in terms of these sets of numbers, not in terms of
plots of angular coefficients vs q = |q].

Cumulants can hence be conveniently plotted as a function of pair momentum K

or any other quantity of interest.
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Possible alternative systematics
* Alternative systematics of shape: location, size, orientation etc.

* “Location” easily identified with the mean < q >

* “Size” is probably best couched in terms of covariance matrix eigenvalues,
eg in two dimensions by o , = VA 4 Op=1VAp

- 1
with = At A |4V (Ag—A, ) 4422,
1
AB = E (ATT_I_ALL)_\/(ATT_ ALL)2+4A2TL

* “Orientation” would be specified in terms of rotation angle(s) eg in two dimensions

Arg )

|ATT_ALL|

1
0 = — arctan
2

* However, this approach decouples from the physics of the cartesian
coordinate system (out, side, long).

Eggers WPCF 2006
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Reflection
symmetry
does not
hold. Bins
may not be
combined
like this.

Double up
bins
through
the origin.

Symmetries of correlation function

Even g-parity, ie invariance of

R,(—q)=R,(q) is a good symmetry

In ONE dimension, (Qinv or
projections), parity-symmetry is
equivalent to reflection symmetry

In TWO or THREE dimensions,
reflection symmetries do not hold and
may not be used for binning.

Even for the pure gaussian case
(zero higher order cumulants) a
nonzero Pearson coefficient destroys
reflection symmetry.

Cumulants of odd order must
vanish in two and three dimensions.
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Direct measurement of g-cumulants

g-moments are measured directly from the normalised correlation function

[g] = | d’qf(q)g; should be exactly zero.
la:q] = | d’qflq)qq,
laqq.q] = | d’qflq) q,q,q9.q
Since k; =[q;] = 0 the usual moment-cumulant relations simplify:
Hig = ijk_,—|—KjKjk][4]—|—K1-ij][3]—|—KjKJ-Kk][6]—|—K1-KJKkK]

ijk]+ ijKk][B]

Kiw = laga.ql-laalla.qll3]

* Measurements can be made with a correlation integral prescription (does not
need binning): see below.

* (Probably) cumulants can be projected out using an orthogonal system of
hermite tensors.
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Other issues of experimental implementation

The intercept parameter (chaoticity) A is not determined by Edgeworth; it can be
determined from a one (may be two-) parameter fit using the “fit function”

1 1
C,(q)=y 1+AeXp(—Zququ?]-) 1"'ﬂKijklhfm(m+ijijmnhjijmn(q>)]

Overall normalisation y in Cz(q)=y[1 +2\R2(q)] must be determined as
above or at z; = several o

Edgeworth expansion works only for limited deviation from gaussian shapes
since the expansion can become negative. Frameworks using other reference
functions fy(q) should be investigated (will be more complicated).

IF cumulants are measured from binned R,(q), then sampling errors will have to

take into account bin-bin correlations.

For very small multiplicities, attention should be paid to unbiased estimators for
the cumulants (k-statistics).
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Summary

Cumulants, hermite tensors provide framework for multivariate shape analysis.

The null measure is the gaussian, characterised by 6 cumulants Aij (reducing

to 4 for azimuthal symmetry). These can be measured directly: no fits.
Stepwise reconstruction of R,(q): gaussian, 4th order, 6th order cumulants

Higher-order cumulants are not fits but are measured directly
Off-diagonal cumulants dominate the shape
Shapes can be asymmetric even for zero R, (zero p) due to asymmetric Kijui

Hence folding of binning is not permitted except through parity

Lower-order quantities ({q), third order) really must be zero for higher-order
shape analysis to work.

No difficulty in principle with extension to source function analysis
Framework can be extended to nonidentical particles

However: Edgeworth allows only limited deviation from gauss, hence this
cannot be applied to highly nongaussian correlation functions.
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Multivariate moments and cumulants

1 [Jj = Kj 2 ujj = ij-I-KjKj
three terms iri combinatorics
3 ujjk = kU4 ;Kjk+KjKjk+Kk;y + ik k®
= ijk+ KjKjk[S] + KjKij
Combin;torivcs ;otation
A1 = o M+ k] e+ ke e+ i e ki
6 primn - ikimn 3 TEm e M mR 51 i 5]
-|—K1‘]k M09 014 kK Kk K™ 16014 kT K K" ”[20]+x” M yemn g5

+K K KkK [45]+ K KJKkK]Km [15]—|—K K KkK]K K"

For the special case «,=0 «,;=0

ijk

3] H B ikl ikl
jklmn _ ijklmn
4 ujjk] i 6| u = K +

ijk
K‘]

k
KT B o
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Correlation-integral measurement of cumulants

a,b = event indices I,j = components of g
c=] d’q|C,(q)-1] «,f = track indices
oy G@-1] Zopola-a), - [T, 0a-a),,
¢ ¢ <<ZO<,B 6(q_ ng)>b>a

Yool - (X, ola-ai),
c X, sla-a),),

eventwise probability: il q)=

:<Z sla-aial,- |2, ola-aha),),
<<Za,ﬁ 5 (q= ) >b>a

Zooleaag),- 2,04 ag),,
C<<ZM (q_ng)>b>a
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Correlation-integral measurement of g-cumulants
Accumulate sibling-pair counters on a pair-by-pair basis:

pl@=X,, 5a-4),

pl@=2, ., sla-apa,

il @=2.., a3 aq),

Similarly accumulate mixed-event counters

pref(([)=<<za,ﬁ 5<q_q§g)>b>a
pfef(CI)=<<Za,3 5(q— i) qf>b>a
pf-,?f(CI):<<Za,5 5(q_qf‘g) qjqf>b>a

Combine counters to form appropriate cumulants after the event loop as in
previous slide. As all g's are done pair by pair, no Sheppard corrections will be

ref

necessary. Eg. _rila@-p; (q)
[[qj q:]]] _ C pref<q_>
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